The problem of the stability of an infinitely long cylinder in its own gravitational field in the presence of a magnetic field is investigated by means of the energy principle for a compressible fluid. It is shown that the system may be unstable for sufficiently long wave length perturbations in which the magnetic field lines are interchanged together with the fluid, and as a result of the interchange the gravitational energy of the system is lowered. The cause of the instability is shown to be a convective instability in the gravitational field. In spiral arms of the Galaxy, the growing time of this instability is estimated to be about 108 years and the correspondins wave length is 103 parsecs for matter density p=2X 10-24 g/ cm3 and magnetic field B = lQ-5 gauss, if the matter is distributed uniformly in the cylinder. The gradient of matter distribution in the radial direction, however, has an effect to supress· the instability. It is shown that the present observational distribution of diffused ·matter is well explained, if we assume that the spiral arms are now in the marginal state against the instability. §
In their paper in 1953,1) Chandrasekhar and Fermi investigated the stability of an infinitely long cylinder in its own gravitational field in the presence of a longitudinal magnetic field. By assuming incompressibity of the fluid and considering axially symmetric deformations of the cylinder, they have shown that the infinite cylinder under consideration is unstable for sufficiently long wave length deformations. In spiral arms of the Galaxy, the growing time of the instability, for matter density p = 2 X 10-24 g/ cm 3 is 10 9 years for magnetic field B= 5 X 10- 6 gauss and 10 10 years for B= 7 x 10- 6 gauss. The wave lengths of the instability of the two cases are 2 X 10 4 parsecs and 2 X 10 5 parsecs respectively. Therefore, the growing time of the instability is larger than the age of the Galaxy for B>7 X 10- 6 gauss and the wave length is much larger than the real length of the spiral arm.
Though Chandrasekhar and Fermi considered the instability only for the axially symmetric deformations, it has been shown lately that the cylinder under consideration is always stable against nonaxially symmetric deformations for the case of an incompressible fluid.
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of an energy principle. 4 ) It is shown that the system may be unstable for sufficiently long wave length perturbations in which magnetic field lines are interchanged together with the fluid, and as a result of the interchange the gravitational energy of the system is lowered. This instability is in some points analogous to "flute" instability 5 ! in which magnetic field lines are interchanged without bending them. The cause of the instability is shown to be a convective instability due to buoyancy in the gravitational field.
In spiral arms of the Galaxy, the growing time of this instability is estimated to be about 10 8 years and the wave length of the instability is 10 3 parsecs for p = 2 x 10-24 g/ cm 3 and B= 10-5 gauss, if the matter is distributed uniformly in the cylinder.
However, the negative gradient of the matter density in the radial direction has an effect to supress the instability. If it is assumed that the present spiral arms are in the marginal state against the instability investigated in this paper, the observed density gradient of diffused matter is well explained.
In § 2 are presented the energy principle 4 ) and a ·comparison theorem for displacements which do not move the boundary of the fluid.
In § 3 the change in potential energy of the system owing to the displacements is computed. If it turns out to be negative, it is converted to the kinetic energy of the displacement and the system is unstable. Using the method by Suydam, 6 ) a sufficient condition for the instability is obtained for the case of the presence of an azimuthal magnetic field ~Be in addition to a longitudinal magnetic field.
In § 4 the cause of the instability is considered and the growing time and the wave length of the instability are estimated for the case Be= 0. The result is applied to the problem concerning the stability of spiral arms of the Galaxy.
Section 5 is devoted to discussion including the appreciation of the kinetic and magnetic viscosity dissipations which are neglected in the previous sections.
In the Appendix, we shall study the problem of the stability of an incompressible fluid by mean of the energy principle. It is shown that the system is stable against nonaxially symmetric deformations. § 2. Energy principle and a comparison theorem Let us consider a system governed by the magnetohydrodynamic equations :
E+vXB=O,
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curl E=-
div B=O,
where E represents the electric field, B the magnetic field, j the electric current density, ¢ the gravitational potential energy per unit mass, p the pressure, p the mass density, r the ratio of specific heats, G the gravitational constant and v the fluid velocity. The equations are written in rationalized Gaussian units with c= 1. Let us consider an equilibrium configuration satisfying Eqs. (1)- (8). It is the purpose of our paper to study, by means of an energy principle, 4 > whether or not this equilibrium is stable. In the energy principle we subject the plasma to a small displacement E about the equilibrium configuration and calculate the change in the potential energy oW. Stability then hinges on whether or not E can produce. diminution of the potential energy. If we only consider the displacements which do not move the plasma boundary, it turns out that the change in the potential energy of the system is given by
where iiB is defined by uB =curl CE X B) and represents the ·change in the magnetic field due to the displacement. The integration is taken over the complete volume of the fluid. In the above expression, we have modified the · energy integral of Bernstein et al. by adding the term, PE. grad o¢, \hlhich. represents the change in the gravitational energy due to the perturbation in mass density p. Now we shall prove that for displacements which do not move the boundary of the fluid, the last term in the integrand is negative definite or zero, I.e .
.-1
\ PE. grad o¢ dr<o . 
The first integral in the last line is taken over the volume of the vacuum region. Therefore we can state a comparison theorem as follows : If we compute Eq.
(9) omitting the term of rJrp and get a negative value of aw for some ,, then the system is necessarily unstable. § 3. Minimization of 8W and a sufficient condition for the instability
We shall consider an infinite cylinder in which the components of the magnetic field are B = (0, Be; Bz) . All the variables are supposed to be functions only of the distance from the axis of the cylinder. Under these conditions the equilibrium equations are reduced to a single one, 
" (13) In Eq. (9), the integrations with respect to tJ and z can be easily carried out and after some manipulation we find the change in the potential energy for unit length of the cylinder, with oW=-~ \F(r)rdr 2 ,;
. r
where the primes denote derivatives with respect to r and we_ have set 
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Then we can perform the first step in the minimization scheme by' demanding and obtain -p'¢/~2 -2p¢'~ div E+PE·grad o¢}rdr, which, in the limit of c~o, reduces to
Since the term tP (divE)
2 is positive definite. The above expression is in agree-. ment with that of Suydam (see Eq. (3) in reference 6)).
It is difficult to deal with the term p~ ·grad o¢ in the integrand. However, the comparison theorem in § 2 states that this contributes negative definite to aw. Hence hereafter_ we shall omit this term entirely to obtain a sufficient condition for the instability. Then vve can proceed further, and carrying out the minimization with respect to the variable ( = div E-(1/ r) (r;) ', we obtain
where we have put
The minimization with respect to ~ can be carried out following the method of Suydam 
where v IS a root of the indicical equation (24) with
The physical reason for the above procedure to solve Euler equation (19) is as follows: Since the bending of the magnetic field lines always increases the magnetic energy, the most dangerous perturbation for the instability is expected to be the displacement which bends the magnetic lines the least. Now the magnetic field lines describe a set of spiral with a pitch (26) which, in general, varies from layer to layer, while the lines of ~ field (13) describe a set of spirals whose pitch is constant. The pitches of the two sets of spirals match at point a where f vanishes. Accordingly it is reasonable to assume that the most dangerous displacement ~ is the one that is localized in the neighbourhood of the point where f= 0.
It has been shown by Suydam that the system is unstable if
In our case, we obtain a sufficient condition for instability in the form
It can be seen from the above condition that the system may be unstable for sufficiently small tP· This instability is similar to the interchange instability in which the gravitational energy is lowered by interchanging magnetic field lines together with the fluid frozen in them. § 4 
. Cause of the instability and its growing time
In this section we shall consider the cause of the instability investigated in the previous sections. We shall then estimate the growing time of the instability in the case of Be= 0 and apply tl}e result to problems concermng the stability of the spiral arms.
The cause of the instability can be seen from Eq. (18),
We shall derive this relation by physical considerations for the case of B = 0, since the relation does not depend on the magnetic field.
Let us consider a fluid element having mass density Po and pressure Po· · Suppose that this fluid element undergoes an adiabatic upward displacement through a small. interval.~. Then its density and pressure become (29) (30)
(If the process is not an adiabatic but an isothermal one, we must take r = 1) .
For an equilibrium to be stable, it is necessary that the resulting force on the element should tend to return it to its original position. This means that the element must be heavier than the fluid which it "displaces" in its new position. The mass densi.ty and the pressure of the latter are
Thus the relation (18) means that Pc = Ps. The stability condition of the equilibrium then reduces to and In the case of a downward displacement
Combining the two cases we obtain the following necessary condition for the stability, p' + __ 1_ p2 ¢'>0.
(33) rp
It must be noted that this condition is consistent with Eq. (17). Therefore the instability is caused essentialy by the convection due to buoyancy in the gravitational field. The other procedures, other than the relation (18) to minimize aw in § 3, have been obviously devoted to find the displacements which 
if we can find the displacement E which makes oW negative. The above expression can be computed by making use of Eq. (17) for oW and expressing ~e and ~z in terms of ~ from Eqs. (15) and (IS).
In the case of Be= 0, we obtain oW=~~{--~2By:1_(r~)_J_
2 J n~+P~ ~ In this case ~ e and fz are given by
By taking the limit m--'>oo, the first term of the integrand (35) becomes zero, and we have
By taking ~ 111 the form of a delta function whose peak Is at r, we obtain 2 {k2B2-(p¢')2/rp-p'¢'}k2r2P2
In the case of p = constant, the growth rate w 2 can be written as where and
represent the maximum growth rate and the corresponding wave number respectively. In the above equations it should be noted that the density p means the Then Eqs. (40) to (42) predict that the system under consideration is unstable and its growing time and the corresponding wave length are given by 
In the above estimation we have assumed that the matter density p IS uniformly distributed in the cylinder. However, the growing time of the instability is so short in that case that matter distribution p cannot be in the state of p = constant at the present time. Therefore we shall suppose that the present diffused matter distribution in spiral arms is in the marginal state against the instability which has been reached by the redistribution of the matter as a result of the instability. Then the present density gradient will be determined by the condition (45) Substituting km 2 for k 2 and assuming that p oc p, we obtain
where Po and Po are the values of density and pressure at the central axis of the cylinder. Making use of the above-mentioned values for Po and Po we get
Thus the present matter distribution in spiral arms of the Galaxy is well explained by our theory. § 5. Discussion
In the previous sections, such dissipative effects as kinematic and magnetic viscosity have been neglected. Let us now examine these effects. The characteristic times of the dissipations by these viscosities are estimated as Thus if we consider the disturbances whose width are larger than 4 parsecs, the characteristic times of the dissipations are sufficiently larger than the growing time of the instability and dissipative effects can be neglected. Finally we must arouse our attention about the neglect of o¢ term. This IS justified because of the following two reasons : ( i) o¢ term contributes negative definite to oW.
(ii) In spiral arms of the Galaxy, the gravitational acceleration is mainly determined from the contributions of stars. However, this /J¢ term will be important especially when we consider the problem of the star formations in the magnetic field.
considered an infinite cylinder of uniform cross section of radius R, along the axis o'f which a constant magnetic field B is acting. They then have .supposed that the cylinder is subject to a perturbation, the result of which is to deform the boundary in to r=R+acoskz.
(A·1)
The fluid has been assumed to be incompressible. We shall consider a more general perturbation r = R + a cos (mO + kz) , and also assume an incompressible fluid div ~=0.
(A·2)
The changes in the gravitational potential <' hp owmg to the deformation can be calculated easily to give 
J (A·5)
~he second integral of which can be converted to the surface integral over the fluid using div ~ = 0. Hence,
In this case, we must also consider the change in the energy owing to the work done for the deformation of the boundary of the fluid. It is given by 4 ) oWs= --} 1 dS(n·~) 
where we denote by n the unit normal to the interface, by (X) the increment in quantity X across the boundary in the direction n and the integral is taken over the initial boundary surface of the fluid. Then the change in the gravitational potential energy is WJ;itten as
